
1/50

kJ Ik

J I

GoBack

FullScreen

Close

Quit

AAA^^^ ‘‘‘ ÅÅÅ LLL§§§

ÇÇÇ¥¥¥((( §§§ """ ���

ééé 			²²² LLL nnn ´´´ ŒŒŒÆÆÆ

777 KKK ÆÆÆ���



2/50

kJ Ik

J I

GoBack

FullScreen

Close

Quit

111 8ÙÙÙ ‘‘‘ ÅÅÅÈÈÈ ©©©

� 8.1 'u ‘ Å i Ä� È ©

� 8.2 'u Brown$ Ä� È ©

� 8.3 ItôÈ ©L§
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� Ù � 8 � ´ Ú \ 'u Brown$ Ä� È © § ? Ø Ù 5

Ÿ ¿ ‰Ñ3 ‘ Å ©Û9 7 K Æ¥ k X ­ ‡ A^ � Itôú ª .

x8.1 '''uuu ‘‘‘ ÅÅÅ iii ÄÄÄ��� ÈÈÈ ©©©

·‚ l ? Ø'u { ü � ‘ Å i Ä� È © m © .� X1, X2,

� � � ´ Õá� ‘ Å C þ§ PfXi = 1g = PfXi = �1g = 1
2
§

- SnL « �A � i Ä

Sn = X1 +X2 + � � �+Xn
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·‚ Œ± ù � w ù | Õá‘ Å Cþ§ Xn�1 ng ú ² Ù

Æ� ( J(Xn = 1�I 1� § Xn = �1�Ñ K 1� ). Fn =

σ(X1, � � � , Xn)(d fXi, 1 � i � ng) ¤� σ“ ê )§ • Œ±

n) ��¹ X1, � � � , Xn� & E.- Bn´ Fn�1Œÿ � ‘ Å C

þS � § ' X § L « 1 ng Ù Æž ¤ eÙ 5 § K § • U |^

1 n � 1g 9 ± c� & E§ 
 Ø U |^ 1 ng Ù Æ� ( J.u
´ � ž • n� Â Ã Zn�

Zn =
n∑
i=1

BiXi =
n∑
i=1

Bi(Si � Si�1) =
n∑
i=1

Bi∆Si

ù p∆Si = Si � Si�1, S0 = 0. ·‚ ¡Zn�Bn'''uuu Sn��� ÈÈÈ

©©© .
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N ´ wÑfZng´ 'u Fn� �§ = é u ¤ k � n

E[Zn+1jFn] = Zn

A O / , E[Zn] = 0. d 	§ X Jb ½E[B2
n] <1§ K

V ar[Zn] = E[Z2
n] =

n∑
i=1

E[B2
i ]

¯¢ þ §

Z2
n =

n∑
i=1

B2
iX

2
i + 2

∑
1�i<j�n

BiBjXiXj

2 5 ¿ � X2
i = 1§ X Ji < j§ K Bi, Xi, BjÑ ´ Fj�1Œÿ

� § �XjÕáu Fj�1§ �

E[BiBjXiXj] = E[E[BiBjXiXjjFj�1]] = E[BiBjXiE(Xj)] = 0
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x8.2 '''uuu Brown $$$ ÄÄÄ��� ÈÈÈ ©©©

� ! ½ Â 'u Brown$ Ä� È ©
∫ T

0 X(t)dB(t) (½ {

P �
∫
XdB)§ ù pfB(t)g´ ˜ � I O Brown$ Ä § k ž

• P �fWtg. Ä k • Ä ˜ ‡ š ‘ Å � { ü L§fX(t)g§
= X(t)´ ˜ ‡ { ü ¼ê (Ø • 6u B(t)). d { ü ¼ê �

½ Â § • 3 [0, T ]� © • 0 = t0 < t1 < � � � < tn = T9 ~

ê c0, c1, � � � , cn�1, ¦ �

X(t) =

{
c0, X Jt = 0

ci , X Jti < t � ti+1, i = 0, 1, � � � , n� 1
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½ L « �

X(t) = c0I0(t) +
n�1∑
i=0

ciI(ti,ti+1](t) (8.2.1)

u ´ § Œ½ Â Ù È ©�∫ T

0

X(t)dB(t) =
n�1∑
i=0

ci[B(ti+1)�B(ti)] (8.2.2)

d Brown$ Ä�Õ áOþ5 Œ• § ú ª (8.2.2)¤ ½ Â � È

© ´ Gauss© Ù � ‘ Å Cþ§ Ù þ Š �0§ • ��
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V ar(

∫
XdB) = E

[
n�1∑
i=0

ci(B(ti+1)�B(ti))

]2

= E

n�1∑
i=0

n�1∑
j=0

cicj[B(ti+1)�B(ti)][B(tj+1)�B(tj)]


=

n�1∑
i=0

n�1∑
j=0

cicjE[(B(ti+1)�B(ti))(B(tj+1)�B(tj))]

=
n�1∑
i=0

c2
i (ti+1 � ti)
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^ � 4 �� •{ Œ± ò ù ˜ ½ Â í 2� ˜ �� š ‘ Å ¼

ê X(t).� ´ ·‚ ‡ ½ Â � ´ ‘ Å L§� È © § Ï d ò{ ü

¼ê ¥ � ~ê ci^ ‘ Å C þξi5“ O § ¿ ‡ ¦ξi´ FtiŒÿ � .
ù pFt = σfB(u), 0 � u � tg.u ´ ,d Brown$ Ä� �5

Ÿ �

E[ξi(B(ti+1)�B(ti))jFti] = ξiE[B(ti+1)�B(ti)jFti] = 0

Ï d

E[ξi(B(ti+1)�B(ti))] = 0.
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� t > 1
2
ž §

[Y, Y ](t) = lim
n�1∑
i=0

(Y (tni+1)� Y (tni ))
2

= ξ2
0 lim

∑
ti<

1
2

(B(tni+1)�B(tni ))
2 + ξ2

1 lim
∑
ti>

1
2

(B(tni+1)�B(tni ))
2

= ξ2
0[B,B](

1

2
) + ξ2

1[B,B]((
1

2
, t]) =

∫ t

0

X2(s)ds

ù p� 4 �Ñ ´ � δn! 0ž 3 • V Ç Â ñ¿Â e� 4 �.
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é 'u Ó ˜ ‡ Brown$ Ä fB(t)g� ü‡ Ø Ó � ItôÈ

© Y1(t) =
∫ t

0 X1(s)dB(s)Ú Y2(t) =
∫ t

0 X2(s)dB(s)§ d

u Y1(t) + Y2(t) =
∫ t

0 (X1(s) + X2(s))dB(s)§ · ‚ Œ± ½

Â Y1ÚY2� ��� ggg ��� CCC ���µ

[Y1, Y2](t) =
1

2
([Y1+Y2, Y1+Y2](t)� [Y1, Y1](t)� [Y2, Y2](t))

d ½n8.3.6§ k

[Y1, Y2](t) =

∫ t

0

X1(s)X2(s)ds.
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x8.4 Itô úúú ªªª

Itôú ª § ‘ Å © Û¥ � C þO † ú ª ½ó£ { K § ´

‘ Å ©Û¥ � ˜ ‡ Ì ‡ ó ä § N õ ­ ‡ � ú ª § ~X Dynkinú

ª § Feynman-Kacú ª ± 9 © Ü È © ú ª § Ñ ´ d Itôú

ª � Ñ� .
Ï �Brown$ Ä 3 [0, t]þ � � g C ��t§ = 3 • V Ç

Â ñ� ¿Â e

lim
δn!0

n�1∑
i=0

(B(tni+1)�B(tni ))
2 = t

ù pftni g´ [0, t]� © • § δn = max0�i�n�1(tni+1 � t
n
i ).
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þ ª l / ª þ ŒL « �∫ t

0

(dB(s))2 =

∫ t

0

ds = t

½

(dB(t))2 = dt

• ˜ �/ § ·‚ k ± e½n.

½½½ nnn 8.4.1 �g´k .ë Y ¼ê§ftni g´[0, t]� ©�§

Ké ? Ûθni 2 (B(tni+1), B(tni )) (= B(tni ), B(tni+1)É m � ?

¿ ä )§• VÇÂñ ¿Â e� 4 �

lim
δn!0

n�1∑
i=0

g(θni )(B(tni+1)�B(tni ))
2 =

∫ t

0

g(B(s))ds

(8.4.1)
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y ² µ Ä k� θni = B(tni )§ d g� ëY5 ÚÈ © �½ Â §

k

n�1∑
i=0

g(B(tni ))(t
n
i+1 � t

n
i )!

∫ t

0

g(B(s))ds (8.4.2)

·‚ y ²
n�1∑
i=0

g(B(tni ))(B(tni+1)�B(tni ))
2�

n�1∑
i=0

g(B(tni ))(t
n
i+1�t

n
i )! 0

(8.4.3)
3 L2¥ ¤á. P ∆Bi = B(tni+1) � B(tni ), ∆ti = tni+1 � t

n
i §

K d Brown$ Ä�Õ áOþ5 Ú� ^ ‡ Ï "� •{ ��
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E

[
n�1∑
i=0

g(B(tni ))((∆Bi)
2 �∆ti)

]2

=E

[
E

(
n�1∑
i=0

g2(B(tni ))((∆Bi)
2 �∆ti)

2jFti

)]

=E

[
n�1∑
i=0

g2(B(tni ))E
(
((∆Bi)

2 �∆ti)
2jFti

)]

= 2E

[
n�1∑
i=0

g2(B(tni ))(∆ti)
2

]

� 2δnE[
n�1∑
i=0

g2(B(tni ))∆ti]! 0, (� δn! 0ž )
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Ï d § 3 þ • Â ñ� ¿Â e

n�1∑
i=0

g(B(tni ))((∆Bi)
2 �∆ti)! 0

ù � §
∑n�1

i=0 g(B(tni ))(B(tni+1)�B(tni ))
2Ü∑n�1

i=0 g(B(tni ))(t
n
i+1 � t

n
i )k �Ó � 4 �

∫ t
0 g(B(s))ds.

é ? ¿ θni 2 (B(tni+1), B(tni ))§ � δn! 0ž §

n�1∑
i=0

(g(θni )� g(B(tni )))(∆Bi)
2

�max
i

((g(θni )� g(B(tni )))
n�1∑
i=0

(B(tni+1)�B(tni ))
2

(8.4.4)
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d gÚB� ëY5 § ·‚ k maxi((g(θni )�g(B(tni )))! 0, a.s..
d Brown$ Ä � g C��½ Â �

∑n�1
i=0 (B(tni+1)�B(tni ))

2 !
t.

u ´ � δn ! 0ž §
∑n�1

i=0 (g(θni ) � g(B(tni )))(∆Bi)2 ! 0.
Ï d

∑n�1
i=0 g(θ

n
i )(∆Bi)2Ü

∑n�1
i=0 g(B(tni ))(∆Bi)2ä k �Ó

� • V Ç Â ñ¿Â � 4 �
∫ t

0 g(B(s))ds.
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y3 § ·‚ ‰ÑItôú ª .

½½½ nnn 8.4.2 X Jf´� gë Y Œ�¼ê§Ké ? Ût§

k

f(B(t)) = f(0) +

∫ t

0

f 0(B(s))dB(s) +
1

2

∫ t

0

f 00(B(s))ds

(8.4.5)

y ² µ ´ „ ª (8.4.5)¥ � È © Ñ ´· ½� .� [0, t] � ©

• ftni g§ k

f(B(t)) = f(0) +
n�1∑
i=0

[f(B(tni+1))� f(B(tni ))]

é f(B(tni+1))� f(B(tni ))A^ Taylorú ª �
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f(B(tni+1))� f(B(tni )) = f 0(B(tni ))(B(tni+1)�B(tni ))

+
1

2
f 00(θni )(B(tni+1)�B(tni ))

2

Ù ¥ θni 2 (B(tni+1), B(tni )).u ´

f(B(t)) = f(0) +
n�1∑
i=0

f 0(B(tni ))(B(tni+1)�B(tni )) +

1

2

n�1∑
i=0

f 00(θni )(B(tni+1)�B(tni ))
2 (8.4.6)

- δn ! 0� 4 �§ K ª (8.4.6)¥ �1 ˜ ‡ ÚÂ ñu ItôÈ

©
∫ t

0 f
0(B(s))dB(s).|^ ½n8.4.1Œ• ª (8.4.6)¥ �1

� ‡ ÚÂ ñu
∫ t

0 f
00(B(s))ds.
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ª (8.4.5)¡�Brown$ Ä� Itôú ª § d d wÑ§ Brown$

Ä� ¼ê Œ± L « �˜ ‡ ItôÈ © \ þ ˜ ‡ ä kk . C ��

ý é ëY L§.·‚ ¡ù aL§�ItôL§§ î ‚ / § ·‚ k

e¡ ½ Â .

½½½ ÂÂÂ 8.4.3 XJL§fY (t), 0 � t � Tg�±L«�

Y (t) = Y (0) +

∫ t

0

µ(s)ds+

∫ t

0

σ(s)dB(s), 0 � t � T

(8.4.7)
Ù¥L§fµ(t)gÚfσ(t)g÷v

(1) µ(t)´·A�¿�
∫ T

0 jµ(t)jdt <1, a.s.

(2) σ(t) 2 V�.
K¡fY (t)g�Itô LLL§§§.
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k ž ·‚ • ò ItôL§(8.4.7)P ��© � / ª

dY (t) = µ(t)dt+ σ(t)dB(t), 0 � t � T (8.4.8)

Ù ¥ ¼ê µ(t)¡�¤ £ Xê ,σ(t)¡�*Ñ Xê ,§ ‚ Œ±

• 6u Y (t)½B(t)§ $ – � ‡ ´ » fB(s), s � tg§ (~
X µ(t) = cos(M(t) + t)§ ù p M(t) = maxs�tB(s). ˜ a

š ~­ ‡ � �/ ´ µÜ σ(t) == Ï LY (t)• 6u t§ 3ù «

�¹ e§ ª (8.4.8)A U ��

dY (t) = µ(Y (t))dt+σ(Y (t))dB(t), 0 � t � T (8.4.9)

X J^ �© / ª L « § Itôú ª (8.4.5)C�

d(f(B(t)) = f 0(B(t))dB(t) +
1

2
f 00(B(t))dt (8.4.10)
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~~~ 8.4.4 ¦d(eB(t)).

))) é ¼ê f(x) = ex^ Itôú ª § d ž f 0(x) = ex, f 00(x) =

ex§ ¤ ±

d(eB(t)) = eB(t)dB(t) +
1

2
eB(t)dt

u ´ , X(t) = eB(t)ä k ‘ Å �© / ª

dX(t) = X(t)dB(t) +
1

2
X(t)dt
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3 7 K A^ ¥ § �¦ � d ‚ S(t)´ ^ ‘ Å �©• §dS(t) =

µS(t)dt+σS(t)dB(t)£ ã � .X Ja(t)L « 3 ž • tÝ ] ö �

�¦ ˆ �Â Ã § @o 3 � ‡ ž m«m [0, T ]S � Â Ã �∫ T

0

a(t)dS(t) = µ

∫ T

0

a(t)S(t)dt+ σ

∫ T

0

a(t)S(t)dB(t)

e¡ ½n‰Ñ
 'u ItôL§� Itôú ª
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½½½ nnn 8.4.5 �fX(t)g´d

dX(t) = µ(t)dt+ σ(t)dB(t)

�Ñ � ItôL§§g(t, x)´[0,1) � Rþ � � gë Y Œ�¼

ê.K
fY (t) = g(t,X(t))g

E �ItôL§§¿�

dY (t) =
∂g

∂t
(t,X(t))dt+

∂g

∂x
(t,X(t))dX(t)

+
1

2

∂2g

∂x2
(t,X(t)) � (dX(t))2 (8.4.11)

Ù ¥ (dX(t))2 = (dX(t)) � (dX(t))Uìe¡5KO�µ

dt � dt = dt � dB(t) = dB(t) � dt = 0, dB(t) � dB(t) = dt
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= (8.4.11)Œ± U� �

dY (t) =

(
∂g

∂t
(t,X(t)) +

∂g

∂x
(t,X(t))µ(t)

)
dt+

∂g

∂x
(t,X(t))σ(t)dB(t) +

1

2

∂2g

∂x2
(t,X(t))σ2(t)dt

AO/ §X Jg(t, x) = g(x)ê ´x� ¼ê§(8.4.12){

z �

dY (t) = [g0(X(t))µ(t)+
1

2
g00(X(t))σ2(t)]dt+g0(X(t))σ(t)dB(t)

(8.4.12)
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~~~ 8.4.6 á Ï | Ç�. £ Vasicek model ¤d X e

� • §�Ñ

dRt = a(b�Rt)dt+ σdBt, R0 = r.

| ^ ITOúªO�d(Rteat)§¿)ÑRt.


