
 

 

Ẕּז   ѕ₭Ӑўᵙᴠ ⁮ 

Ḿᶹ ╝ ῏ᶽḙⱱ  

 

问题一：  

Ӭ 𝑊(𝑡), t ≥ 0ѭṵΌ ,ιℱtט t ≥ 0ѭ ṵΌ ╙σҦᾭ￼ט ῎𝑊2(𝑡) − 𝑡ῗ

 

参考答案：0 ≤ s ≤ t, 

     𝐸[𝑊2(𝑡) − 𝑡|ℱ(s)] 

= 𝐸[(𝑊(𝑡) − 𝑊(𝑠))2 + 2𝑊(𝑡)𝑊(𝑠) − 𝑊2(𝑠) − 𝑡|ℱ(𝑠)] 

= E[(𝑊(𝑡) − 𝑊(𝑠))2 − 𝑡|ℱ(𝑠)] + 𝐸[2𝑊(𝑡)𝑊(𝑠)|ℱ(𝑠)] + 𝐸[−𝑊2(𝑠)|ℱ(𝑠)] 

= [(𝑡 − 𝑠) − 𝑡] + 2𝑊(𝑠)𝐸[𝑊(𝑡)|ℱ(𝑠)] −  𝑊2(𝑠) 

= 𝑊2(𝑠) − 𝑠 

 

问题二： 

Ѧᶈᾯᾭі￼ ⅛ ,ᶚ₩ט▫  ℓ￼ זּ  ᴪ ξn‎ ι ᵇᴸ

ꞌѭp₦￼ט < 1/2ιᵇṫ￼₦ꞌѭ1 − p ᴏχP(ξn = 1) = p,   P(ξn = −1) =

1 − p nℓᵅ￼ӈ ѭSnιᴏχSn = 𝑆0 + ∑ ξi
𝑛
𝑖=1 ιԎѧS0 > 0ѭẂᾭι ִ

Ḋӈ ҧT  ▫ ₭ֹ 0 ἆ N￼Ὴ־ιᴏχT = inf {n:   Sn = 0 

ἆ  N} ώ χσ-Ҧᾭ╙ṏẸӐFn = 𝜎(𝑆1, 𝑆2, … , 𝑆𝑛)  

(1) ῎χMn = (
1−𝑝

𝑝
)

𝑆𝑛
ѭ  

(2) ῎χT ѭӯῊ 

זַּ (3) ￼ӯῊḧתι∂P(ST = 0)ᵙ P(ST = N) 

(4) ῎ Yn ≔ 𝑆𝑛 + 𝑛(1 − 2𝑝)ѭ  

(5) E(T) 



 

 

参考答案：: 

(1)       E[Mn+1|ℱ(n)] 

= 𝐸 [(
1 − 𝑝

𝑝 )
S𝑛+1

|ℱ(n)] 

= (
1 − 𝑝

𝑝
)

S𝑛

𝐸 [(
1 − 𝑝

𝑝 )
ξ𝑛+1

|ℱ(n)] 

= (
1 − 𝑝

𝑝
)

S𝑛

[
1 − 𝑝

𝑝
× 𝑝 + (

1 − 𝑝

𝑝
)

−1

× (1 − 𝑝)] 

= (
1 − 𝑝

𝑝
)

S𝑛

 

= 𝑀n 

 So martingale. 

(2) T = inf{n: S𝑛 = 0 or S𝑛 = N},  

so {T = k} = {Si ≠ 0&N, for all i = 0,1, . . k − 1} ∩ {S𝑘 = 0 or S𝑘 = N} ∈  ℱ(n), so T is a 

stopping time. 

(3) Since 𝑀n is a martingale, T is a stopping time, and: 

a. P{T̖∞} = 1 − P{T = +∞} = 1 − lim
𝑛→∞

1

2𝑛 = 1 

b. E[|Mn|] ≤ (
1−𝑝

𝑝
)𝑁 < +∞ 

c. lim
𝑛→∞

E[|M
n

|·]𝐼𝑇≥𝑛] ≤ lim
𝑛→∞

(
1−𝑝

𝑝
)

𝑁
× 𝑃{𝑇 > 𝑛} = 0 

Therefore, E[MT] = E[M0] 

⟹ {
(

1 − 𝑝

𝑝
)

N

𝑃{S𝑇 = 𝑁} + (
1 − 𝑝

𝑝
)

0

𝑃{S𝑇 = 0} = (
1 − 𝑝

𝑝
)

S0

𝑃{S𝑇 = 𝑁} + 𝑃{S𝑇 = 0} = 1

 

       ⇒ P{S𝑇 = 𝑁} =
(

1 − 𝑝
𝑝 )

S0

− 1

(
1 − 𝑝

𝑝 )
N

− 1

   𝑎𝑛𝑑   𝑃{S𝑇 = 0} = 1 − 𝑃(𝑆𝑇 = 𝑁) 

(4)      E[Yn|ℱ(n − 1)] 

= E[{S𝑛 + n(1 − 2p)|ℱ(n − 1)] 

= E[S𝑛|ℱ(n − 1)] + 𝑛(1 − 2𝑝) 



 

 

= S𝑛−1 + 𝐸[ξn] + 𝑛(1 − 2𝑝) 

= S𝑛−1 + 𝑝 − 1 + 𝑛(1 − 2𝑝) 

= S𝑛−1 + (𝑛 − 1)(1 − 2𝑝) 

= Y𝑛−1 

(5) Since Y𝑛 is a martingale, T is a finite stopping time, so E[YT] = E[Y0], 

⟹E[S𝑇 + 𝑇(1 − 2𝑝)] = E[S0] =  S0, 

⟹ 𝐸[𝑇] =
S0  − 𝑁 × 𝑃{S𝑇 = 𝑁} − 0 × 𝑃{S𝑇 = 0}

1 − 2𝑝
 

                =

S0 − 𝑁 ×
(

1 − 𝑝
𝑝 )

S0

− 1

(
1 − 𝑝

𝑝
)

N

− 1

1 − 2𝑝

⁄

 

 

问题三： 

Ӭ ξn,k, 𝑛 = 1,2, , . . . , 𝑘 = 1,2, . . ..ῗ꜠ ᵃ֫ṵ￼  ᴪ ιῶῶ ￼҇ ι֫

ָ ѭμ = E(ξn,k), σ2 = 𝑉𝑎𝑟(ξn,k) Galton-Watson branching ѭχ 

Z0: = 1, Zn+1: = ∑ ξn+1,k

Zn

𝑘=1

 

￼σҦᾭ╙ѭ𝒢n ≔ σ(Zj: 0 ≤ j ≤ n), 𝑛 = 0,1,2, . .. 

῎M𝑛: = 𝜇−𝑛Z𝑛, 𝑛 = 1,2, . . ..ῗ  

 

参考答案： 

     E[M(n + 1)|ℱ(n)] 

= 𝜇−(𝑛+1)𝐸 (∑ ξn+1,k
Zn
𝑘=1 |𝒢(n)) 

= 𝜇−(𝑛+1) ∑ 𝐸(ξn+1,k

Zn

𝑘=1

|𝒢(n)) 

= 𝜇−(𝑛+1)Zn𝜇 

= Mn 



 

 

问题四：  

Ӭ 𝑊(𝑡), t ≥ 0 ѭ ṵ Ό ט ,  𝑊(𝑡) ￼ Ά Ṯ σ2 = 9𝑡 ι ḅ ‛ 𝑊(0) = 10 ι ∂

P(𝑊(0.5) > 10)。 

参考答案： 

At 𝑊(0.5), we have 𝑊(0.5) = 10 + 3√0.5𝑍, where 𝑍 is a standard normal random 

variable (m = 0, s2 = 1). And so to calculate P(𝑊(0.5) > 10), we are calculating 

P(10 + 3√0.5𝑍 > 10). Simplifying we have̔ 

     P(10 + 3√0.5𝑍 > 10) = P(3√0.5𝑍 > 0) = 0.5 

问题五： 

Ӭ B1(𝑡)ᵙB2(t)ѭѣ꜠ ￼‰֝ṵΌ ιט ῎ Xt ≔ B1(𝑡) + B2(𝑡)ѼѭṵΌ

ט  

参考答案：: 

1.Continuous path, 2.Normal increment, 3.For tůs, 𝑋(𝑡) − 𝑋(𝑠) = [B1(𝑡) − B1(𝑠)] −

[B2(𝑡) −  B2(𝑠)] is stationary increment. 


